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These are notes of the lecture courses given in 2024 in two summer schools: at ICTP

in Trieste and at IME-USP in Sao Paulo.

We give an elementary account of p-adic

methods in de Rham cohomology of algebraic hypersurfaces with explicit examples and
applications in number theory and combinatorics. The main source is the series of our
joint papers with Frits Beukers entitled Dwork crystals ([5, 6, 7]). These methods also
have applications in mathematical physics and arithmetic geometry ([8, 9]), which we
overview here towards the end.

I would like to dedicate these lectures to the defenders of Ukraine, with gratitude for the
possibility to live and work at the time when our country is being under constant military

attacks.
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1. COUNTING POINTS ON ALGEBRAIC VARIETIES OVER FINITE FIELDS

For an algebraic variety X over a finite field F,, there exist non-negative integers m, k
and algebraic numbers aq, ..., a.,, 01, ..., B € Q such that numbers of points on X over
all field extensions are given by

m k
(1) HX(Fp)=> aj =) B forall s>1.
i=1 j=1

We will refer to o;’s and f3;’s as the Frobenius roots of X. Their existence was proved
by Bernard Dwork circa 1960 using p-adic methods. The natural building blocks in
Dwork’s approach were hypersurfaces. We are going to elaborate explicit p-adic formulas
for Frobenius roots of hypersurfaces and explore related algebraic constructions.

1.1. Affine and projective algebraic varieties. An affine algebraic variety X over a

field k is a common zero locus of a collection of multivariate polynomials fi(x), ..., fi(X) €
klxy,...,x,]. Sets of points of X over any field extension K D k are defined as
X(K)={x=(z1,...,2,) € K": fi(x) =... = f(x) =0}.

If there are no equations (m = 0) we denote X = A", the n-dimensional affine space. In
this case one simply has A"(K) = K.

More general algebraic varieties are glued of affine pieces. A straightforward example
of such a glueing is given by projective spaces and projective varieties. The n-dimensional
projective space P is the variety of lines through the origin in A"*!. Its sets of points
are given by

PY(K) = (K™ \ {0})) /KX = {(z0,...,2) € K™ T a; %0}/ ~,

where ~ denotes the homothety equivalence (zg,...,z,) ~ (cxg,...,cx,) for all c € K*.
The respective equivalence class is denoted by [zg : ... : z,|. These brackets are called
the homogeneous coordinates on P”. The n-dimensional projective space can be covered
by n + 1 affine spaces

P" = U ,Ui, Ui=A{lxo:... iy 2 0} = A",
[To: ... 2] — (@,...,xi_l,xiﬂ,...,ﬁ).
A projective variety X C P™ is a common zero locus of a collection of homogeneous
polynomials F(x), ..., F,,(x) € klxo,...,z,]. It is a union X = U X, of affine varieties
X, = X NU;. Here X; can be identified with the zero locus of polynomials in n variables
given by f;(xo,...,Ti1, Tit1,- .., Tn) = Fj(2o, ..., i1, L, T4, ..., xy) for j=1,...,m.

Exercise 1. Let a,b,c € k. The projective cubic curve
Tox] = T3 + argry + brizy + cxp

is given in the affine sheet Uy C P? by the equation y? = x® + ax? + bx + ¢ in coordinates
(z,y) = (2,32). Check that the only point on this curve in P2\ Uy is O =[0:1:0].
Look up the definition of non-singular algebraic varieties and check that this curve is
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non-singular whenever the polynomial x3 + ax* + bx + ¢ has no multiple roots. If is the
case, this curve is called an elliptic curve.

Non-singular cubic curves with a specified point O defined over k are called elliptic
curves over k. When the characteristic of k£ is not equal to 2 or 3 such a curve can be
always given by an equation as above in a suitably chosen system of coordinates.

1.2. Weil conjectures. Let p be a prime number and X be an algebraic variety over
the finite field with p elements £ = IF,. The natural generating series for the numbers of
points # X (IF,) turns out to be

S

7; ) € Q[T7].

This formal series is called the local zeta function of X. The naturality of the above
definition of a zeta function is explained by the following fact.

Zx(T) = exp (Z #X (F,s)

s=1

Theorem 2 (Dwork, [13]). The local zeta function of an algebraic variety* X over F,, is
rational:

Zx(T) € Q(T).

Writing this rational function as H?Zl(l —3;T)/ 11, (1=, T) we obtain expression (1)
for the numbers of points on X over the extensions of [F,,.

The statement of Theorem 2 was the first one on the list of properties of local zeta
functions which were conjectured by André Weil in 1940s. The rest of Weil’s conjectures
concerns non-singular projective varieties X. If X is such a variety of dimension n then

i1 PUT) ... Poy (T
 Ry(T)... Py (T)

Zx(T) = ﬁ P(T)Y

where P; € 1+ TZ[T) are integral polynomials with the following properties:
(RH) Py(T) =1—-T, P,(T) =1—p"T and for 1 < i < 2n— 1 polynomials P;(T) factor
over C as P(T) = H]ﬁ.;l(l — o, ;T) with a;; € Q satisfying |ay;| = p¥/2.
(FE) ZX(Z%) = +(p"?°T)XX) Zx(T) where x(X) is the Euler characteristic of X; in
particular, for every «;; we have that p™/c; ; is a reciprocal root of Py, _;(T).
(TOP) If X can be lifted to a smooth variety defined over a number field then deg P;(7T')
equals to the ith Betti number of the topological space of complex points of this
variety.
Everything which was said above also holds true for varieties over finite fields F, where
q is a power of p, and one should substitute p with ¢ throughout the statement of the
Weil conjectures. We restrict to the case of I, for brevity. These conjectures were proved
in 1960s and 1970s leading to the creation of p-adic and étale cohomology theories, with
contributions by Bernard Dwork, Alexander Grothendieck, Michael Artin, Pierre Deligne
and many other mathematicians.

Exercise 3. Compute the local zeta functions of A™ and P™.

Exercise 4. Consider a non-singular projective conic (that is, a curve of degree two) C' C
P2, Assuming C' has a point over F,,, show that its zeta function is given by m.
For this purpose you may fill the details in the following argument over a field K = s :

every line through our specified point (defined over k = F,) will have one other point of

n this theorem algebraic varieties are assumed to be of finite type, which means they can be covered
by finite number of affine pieces. It is a standard assumption in the definition of varieties.
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intersection with the conic; the line is defined over K if and only if this other point is

defined over K; hence #C(K) = #PY(K) = p* + 1.

Computation of zeta functions of cubic curves is more sophisticated. The zeta function
of an elliptic curve E C P? defined over F,, is given by
1—a,T + pT?
A —T)(1—pT)’
where the number a, = p+ 1 — #E(F,) € Z is called the Frobenius trace of E. Helmut
Hasse proved that |a,] < 2,/p. Note that this implies that the discriminant of the
quadratic polynomial in the denominator is < 0. If the discriminant could be 0 we would
have a, = 2,/p ¢ Z. Hence the two reciprocal roots are complex conjugate and have
absolute value ,/p in agreement with (TOP). The Sato-Tate conjecture is a statement
about the distribution of numbers a,/(2,/p) in the interval [—1,1] when p varies and E
is an elliptic curve without complex multiplication defined over Q. This conjecture was
proved by Laurent Clozel, Michael Harris, Nicholas Shepherd-Barron, and Richard Taylor
circa 2008 under mild assumptions. The proof was completed by Thomas Barnet-Lamb,
David Geraghty, Harris, and Taylor in 2011. Several generalizations to other algebraic
varieties are open. We wanted to mention this to motivate our interest in the knowledge
of Frobenius roots.

(2) Zp(T) =

1.3. The role of hypersurfaces in proving rationality of local zeta functions.
Dwork’s proof of Theorem 2 used p-adic analysis. The building blocks of this proof are
algebraic varieties given by one equation. Such varieties are called hypersurfaces.

Proposition 5. It suffices to prove Theorem 2 for affine hypersurfaces.

Proof. An algebraic variety can be covered by a finite number of affine pieces whose
intersections are also affine.? If X = U™, X; is such a covering then the inclusion-exclusion
principle reduces the count of points on X to the count of points on its affine pieces:

m

(3) U X)) = S0 ST (X N0 X)) (B,
k=1 1<i1 <...<ip<m
Now let X be an affine variety of common zeroes of polynomials fi(x),..., fi(X) €
F,[z1,...,2,]. For a polynomial f € F,[xy,...,z,] we denote the hypersurface of its

zeroes by

Xp={x: f(x) =0}.
Then X = Xy N Xy N...N Xy, . We also note that the union of hypersurfaces is
again a hypersurface: Xy UXy U...UX; = Xy .4 . Let us apply inclusion-exclusion
formula (3) with X; = X/,. Since in the left-hand side of (3) we have a hypersurface, this
formula allows to do induction on the number m of equations. When m = 2 one has

#(Xpop) Fpe) = #X g (Fpo) + # X, (Fps) — #(Xp, 0 Xp, ) (Fpe),
which expresses the zeta function of an intersection of two hypersurfaces as a ratio of
zeta functions of single hypersurfaces. Similarly, formula (3) expresses zeta function of
an intersection of m hypersurfaces (the last term in the right-hand side) as a ratio of zeta
functions of varieties given by less than m equations. U

2An algebraic variety X is of finite type if it can be covered by a finite number of affine pieces. Under
an additional assumption that X is separated, this covering can be refined to satisfy the property that
intersections are also affine. Here we give a proof for separated varieties. Without this assumption one
needs to proceed in two steps. First, we deduce rationality of zeta functions for separated varieties.
Second, we note that intersections of affine varieties are separated and apply the inclusion-exclusion
argument using separated varieties instead of hypersurfaces.
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In the above proof one can also see that having an effective method of computing
Frobenius roots for hypersurfaces would be sufficient, as Frobenius roots of general va-
rieties occur among the roots of their affine pieces. Of course some cancellations would
happen in the multiplication and division of zeta functions of pieces.

1.4. Weil cohomology and de Rham cohomology. André Weil suggested that his
conjectures would follow from the existence of a suitable cohomology theory for varieties
over finite fields, similar to the usual (singular) cohomology for complex varieties. For a
variety X over I, there is the pth power Frobenius map on the set X (Fp) of its points
defined over all extensions of the ground field. Here F, denotes the algebraic closure
of F,. The Frobenius map is expressed locally as raising coordinates of points to the
pth power: (z1,...,2,) = (2},...,2P). Since F,« C F, can be identified as the set of
solutions to the eqiation 27° = z, we see that X (F,:) C X(F,) is the set of fixed points
of the sth power of the Frobenius map for every s > 1. In algebraic topology the number
of fixed points of a continuous map can be worked out using the Lefschetz fixed-point
theorem, given as an alternating sum of traces of the induced map on its cohomology
groups. Weil anticipated existence of a cohomology theory which would asoociate to a
variety over a finite field vector spaces over a field F' of characteristic zero (cohomology
groups) along with a canonical linear map on them, traces of powers of which would
count points over the extensions of the ground field. Such a map would be also called
the Frobenius map, and we called the o;’s and $;’s in formula (1) the Frobenius roots
referring to this hypothetical Frobenius map. One could also call them the Frobenius
eigenvalues, or simply the reciprocal roots of the zeta function.

As was mentioned in §1.2, such cohomology theories were constructed in subsequent
decades with coefficients in F' = Qy, ¢ # p (f-adic or étale cohomology)® and F = Q,
(p-adic or rigid cohomology).

The advantage of p-adic cohomology theory is that it allows to determine Frobenius
maps explicitly. For non-singular affine and projective varieties X over QQ for almost all
primes p the p-adic cohomology groups (of the reduction of X modulo p) are isomorphic
to Hp(X, Q)®0Q,, where H is the ith algebraic de Rham cohomology group. Roughly,
the de Rham cohomology groups of an affine variety are given by

H;R(X7 Q) =

with 0 <7 < dim X. Thus the Frobenius map is a p-adic operation on equivalence classes
of differential forms which is responsible for counting points on X over all F,s. In §3 we
will construct such an operation explicitly in the case of affine hypersurfaces.

closed differential i-forms on X

exact differential i-forms on X

2. CONGRUENCES
2.1. Warming up with p-adic numbers.
Lemma 6. Let a,b € Z and s > 1. If a = b(mod p*) then a? = VP(mod p*T).
Proof. Let us write a = b+ ¢p® and raise to the pth power:

p
a’ = (b+cp®)P =0 + Z (f) W-icp™ = bP(mod p*th)
i=1

because for ¢ = 1 we have (7{') p® = p'™* and terms with higher i are divisible by p* with

1S >2s > s+ 1. Ol

S

3There is also étale cohomology with ¢ = p.
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For a € Z, let us start with the known congruence a? = a(mod p) and raise it to pth
power multiple times. The above lemma yields

S

@ =" (mod p°) for s > 1.
It follows that the sequence a?” has a limit in the ring of p-adic integers Z,.

Exercise 7. For a € Z denote

7(a) = p-adic lim a*" € Z,.

§—00

Show that
(i) 7(a) = a(mod p),
(ii) 7(a)? = 7(a), and
(ili) 7(a) = 7(b) if a = b(mod p).

It is clear that 7(a) = 0 when p|a and otherwise 7(a) € Z) is a p-adic unit satisfying
7(a)?~* = 1. Due to (iii) the map 7 is naturally defined on the set of residues Z/pZ = F,,.
We also conclude from the above exercise that there are p — 1 different (p — 1)st roots
of unity in Z, and they are naturally indexed by non-zero residues modulo p. We thus
obtain a multiplicative character

T:F =7,
which is called the Teichmiiller character.

The existence of (p — 1)st roots of unity as well as many other algebraic numbers in
Z,, could be also derived from a fundamental lemma due to Kurt Hensel.

Exercise 8. (i) Prove Hensel’s lemma.:
Let P(T) € Z,|T) be a monic polynomial and @ € [F,, be a simple root of P modulo
p, that is P(@) = 0 and P'(@) # 0. Then there exists a unique lift o € Z,,
a = a(mod p) such that P(a) = 0.
(ii) Use Hensel’s lemma to construct the Teichmiiller character 7.

We would like to observe that Lemma 6 holds for elements a, b of any unital commuta-
tive ring if one reads congruences modulo p* as modulo the principal ideal (p®) of this ring.
The proof given above also reads in this more abstract setting. In the following subsection
we will attempt to run the above process of multiple raising to power p taking as the
input a multivariate polynomial f(x) with coefficients in Z instead of an integer a € Z.
This situation is different already modulo p because we have f(x)? = f(x?)(mod p) and
therefore one can not conclude that the sequence f(x)P" tends to a limit.

2.2. Lifting Hasse—Witt matrices. Our main object is a multivariable Laurent poly-
nomial

f(x) € Rz, ... 2!

n
with coefficients in a commutative characteristic zero ring R. About this ring we will
assume that

mle pSR = {O}
In particular, this defines the p-adic topology on R (two elements are close when their
difference belongs to p°R for a high s) and one can embed R into its p-adic completion

~

R =1lim R/p°R.
—

The Newton polytope of f(x) is the convex hull in R™ of the set of exponent vectors
of monomials occuring in f(x). It is denoted by A = A(f). We shall use the notation

u u1 Un, n 3 _ u : :
x" = ... zp» for u € Z". One can then write f = > ;. fux" with coefficients



CONGRUENCES AND COHOMOLOGY 7

ay € R. The support supp(f) = {u: fu # 0} is a finite subset of Z", and the Newton
polytope A C R™ is precisely the convex hull of supp(f).
Let A° denote the interior of A in the Euclidean topology and
Ay =ANZ"
be the set of internal integral points of the Newton polytope.

Example 9. Here we see the Newton poly-
tope A of the two variable Laurent polyno-
mial f(x) = x1+x2+ ﬁ Any other poly-
nomaial of the form

f(x) = fa,0 z1+ fo) T2

+ f0,0)

+f-1,-1) .

with non-zero coefficients

fao), fon, fiei-1) #0
will have same Newton polytope A. The set
of internal integral points of this polytope is

; = {0},

Assume that the number of internal integral points g = #A7, is non-zero. We then
define a sequence of g x g matrices {f,,; m > 1} with entries in R whose rows and columns
are indexed by the elements of Aj:

(Bm)u,veA% = coefficient of x¥"™ ™™ in f(x)mfl_

By convention, (3; is the identity matrix. We are going to describe congruences satisfied
by these matrices.
A Frobenius endomorphism o : R — R is a ring endomorphism such that

o(r) =rP (mod pR) for every r € R.

In other words o lifts the pth power endomorphism on the ring R/pR, and therefore it
is also called a Frobenius lift. For example, on R = 7Z the identity ¢ = id is a Frobenius
endomorphism. On the ring of polynomials R = Z[t] one can take o : r(t) — r(t?).

In the following theorem Frobenius endomorphisms will be applied entry-wise to g X ¢
matrices with entries in R.

Theorem 10 ([21]). For every Frobenius endomorphism o : R — R one has

B =By 0(Bp) ... HB,) (mod p).

Assuming that det(f,) is invertible modulo p, one has congruenecs

Bpst1 - 0(Bps)t = Bys - 0(Bps—1)™" (mod p®)

for every s > 1.

Some remarks are needed to the statement of this theorem. In the first congruence
(mod p) should be read as (mod pR9*9), where R9*Y is the ring of g X g matrices with
entries in R. Next, we would like to note the following.

Remark 11. An element r € R is invertible in the p-adic completion ring R o R
if and only if its image in R/pR is invertible. The implication = is clear. For the
inwverse implication <= we observe that if r,u,w € R are such that ru =1+ pw then the
multiplicative inverse of r in R is given by r—* = u(1 + pw)~! = uy o(=1)mpmw™.
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If det(/3,) is invertible in R/pR then all det(,:) are also invertible in R/pR because the
first congruence implies that det(8,:) = det(8,)'*?*~+7""(mod p). Then B, and o(S,s)
are inver}\ible as matrices with entries in E, and the second congruence is valid modulo
(mod p°R9*9). One can multiply it by the invertible element o(det(/5,s)det(Sys-1)) to
have a congruence modulo p® R9*9.

The matrix 3, is known as the Hasse-Witt matriz. The reader can find a geometric
interpretation of 3,(mod p) for non-singular projective hypersurfaces in [17]. In the cited
paper Nicholas Katz proves that the characteristic polynomial of 3, is congruent modulo p
to a factor of the local zeta function over F,. If 3, is invertible modulo p, which is the case
whenever det(f,) is an invertible element of R/pR, we say that the Hasse- Witt condition
holds, or that p is an ordinary prime for our hypersurface f(x) = 0. A straightforward
consequence of Theorem 10 is that when the Hasse-Witt condition holds then there exists
the limiting matrix

A, = padic lim By - o(Bpr) " € RO,
5—00

Exercise 12. Read the elementary proof of Theorem 10 in (21, §2-3]. Unfortunately, that
proof does not give any clues about the nature of matrices A,.

+1

In the case of R = Z we have associated to the Laurent polynomial f(x) € Z[zF!, ... 2}

a collection of p-adic matrices A, € ZJ*9 for all ordinary primes p. Note that

A, = B, (mod p)
and therefore the eigenvalues of A, are p-adic units. Numerical experiments in [21]
suggested that, in the case R = Z, the eigenvalues of A, are Frobenius roots of the
hypersurface f(x) = 0 over the finite field F,. This claim will be demonstrated as a
by-product of the theory developed in §3-4.

In §3-4 we will work with differential forms on the complement of the hypersurface
f(x) = 0. We will introduce a p-adic operation on them, the Cartier operation. Assuming
the Hasse-Witt condition holds, we will construct a free R-module of rank g with a natural
basis corresponding to internal integral points of the Newton polytope A. We call this
module the unit-root crystal associated to our hypersurface and a subset A° C A. We will
prove that A, is a matrix of the Cartier operation on the unit-root crystal (Theorem 34
for = A®). In §4 this will give a conceptual proof of congruences in Theorem 10, which
is alternative to the above mentioned elementary proof given in [21].

In the rest of this section we will overview some examples in which matrices A, can be
given explicitly. Their proofs will be postponed to later sections, when we will have all
necessary tools in our hands.

2.3. Atkin and Swinnerton-Dyer congruences. Consider
f(z,y) =vy* -2 — Ar — B with A,BcZ

such that the curve f(z,y) = 0 is non-singular (elliptic curve, see Exercise 1). Consider

the expansion of the differential form w = %dm /y in the local parameter © = —z/y near
the infinite point O:

d d

o (1+2A4u* +3Bu’ + 6A%u® + 20BAu + .. ) du = Z Q™ .

2y = U

It turns out that a, is the coefficient of 2™~ ! in (23 + Az + B)™~1/2 when m is odd and
@y, = 0 when m is even. In[20, Example 0.4(a)] Jan Stienstra attributes this observation
to Frits Beukers.
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Exercise 13. Let p be an odd prime. Check that o, = a,(mod p), where a, = p —
#{(z,y) € F>: f(x,y) = 0} is the Frobenius trace of this elliptic curve, (2).

More generally, these expansion coefficients satisfy the Atkin and Swinnerton-Dyer
congruences ([2]):
(4) O — Qp Qi jy + P 2 = 0 (mod porde(m)),
Our 1 x 1 matrices (3, are given by

m—1

—1
2

Thus 8, = a, = a,(mod p), and the Hasse-Witt condition holds for those primes p for
which this elliptic curve is ordinary. In this case Theorem 10 shows that (,s € Z for all

s > 1. Since (’@ ) € Z, , we conclude that a,s € Z;. From the properties of the p-adic
2
gamma function ([18, §IV.2]) it is clear that

(p;l) /(p;_ll—11> _ rpr(pp(s;:l))z ) FF((%O)) — (—1)r2,

2 2

i)

s_ps—1 p— .
Multiplying by (=1)"2— = (—1)?1 we obtain 1. Therefore

Bpe [ Bps—1 = s [aps—1 (mod p?)
and A, = lm, o0 Bps/Bps—1 = limy_yo0 s /atps—1 Dividing the Atkin-Swinnerton-Dyer
CONGruence (s — pps—1 + pays—2 = 0(mod p®) by the p-adic unit ays—2 and tending
s — oo we conclude that the limit A, satisfies

Af,—apAp—i-p:O.
Hence A, € Z; is a Frobenius root of our ordinary elliptic curve and one has
#E(F,)=1+p° — A, — (p/Ay)°, s> 1

The fact that A, is a Frobenius root will also follow from our constructions, see Corol-
lary 23, and Atkin and Swinnerton—Dyer congruences can be back-engineered from this
fact.

In [20] Stienstra generalizes the Atkin and Swinnerton—Dyer congruences congruences
to a wide class of projective varieties.

2.4. Dwork congruences. Take

f(x) =1—tg(x)
with g(x) € Z[z7", ..., 2. Assume that the Newton polytope A of g(x) has only one
interior integral point, and that this point is the origin: A5 = A° N Z" = {0}. In this
case A is also the Newton polytope of f(x). One can start with R = Z[t].
For i > 0 we denote by ¢; the constant term of g(x)". Consider the formal series

V(t) = 0%, eit' € Z[[t]] and its truncations v, (t) = 370" ¢it’. We have

p—1

: -1 i(P—1\ i_
Bp(t) = constant term in (1 —tg(x))’™ = Z(—l) ( , )C,’t = 7,(t) (mod p).
i

i=0
The Hasse-Witt condition will be satisfied if we add the inverse of the polynomial ,(t) to
our ring, so we take the bigger ring R = Z[t, 8,(t)"'] C Z[t]. Its p-adic completion R C
Zt, By(t) "1™ C Z,[t] consists of series that can be approximated p-adically by rational
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functions whose denominators are powers of 8,(t). As a consequence if Theorem 10 there
exists the p-adic limit

A,(t) = p-adic lim Bp®)
5—00 /Bps—l (tp)
The computation of this p-adic limit can be achieved by careful analysis of congruence
properties for the binomial coefficients (—1)!(*"") occuring in B3,:(t) in contrast to ,:(t),
and one finds that in fact
(1)

Aol = y(tr)

The reader may find a similar limit computation in [5, Example 5.5]. We prefer to omit
the details here, as they will distract us from our main topic. Moreover, in the proof of
Theorem 29 we will be able to obtain this expression for A, () in a more conceptual way.
One can conclude that

(5) YD ¢ 214001

~(t7)
which follows from our expression for A,(t) and the fact that the p-adic completions
p-adic completions Z[t, 5,(t) )" and Z[t, v,(t) '] are equal (see the exercise below).

€ Z[t, B() 7'

Exercise 14. Let s(t) € Z[t] be a polynomial such that p 1 s(0). Consider the p-adic
completion Z[t, s(t) ™|
(1) embed this ring into Z,[t];
(ii) show that this ring depends only on s(t)(mod p), that is for any 5(t) € Z[t] such
that 5(t) = s(t)(mod p) one has Z[t, s(t)™'|" = Z[t,5(t)7];
(iii) show that the Frobenius lift o : t — t* on Z,[t] preserves the ring Z[t, s(t)™*]".

Let us look again at (5). It is a very non-trivial conclusion that the series (t)/v(t")
can be approximated p-adically by rational functions. This fact and particular examples
of such approximations were discovered by Bernard Dwork for certain class of hyperge-
ometric series y(t), see e.g. [12, §5] and [15, §3]. His results can be generalized in our
setup in the following way.

Theorem 15 (Dwork’s congruences, [19] and [6]). Let g(x) € Z[z3", ..., 22X be a Lau-
rent polynomial such that the origin 0 € R™ s the only interior integral point in its

Newton polytope. Consider the generating series of constant terms of its powers
o0
v(t) = ch-ti, ci = coefficient of x° in g(x)".
=0

Then for any prime p and integer m > 1 we have

() _ () (mod p

y(tr) /Ym/p(tp)

where Y, (t) = S  eit? denotes the truncation of the beginning m terms in (t).

ordy, (m) ) :

The proof of this theorem will become apparent in §4.3 (see Exercise 33). Dwork noted
that (5) yields a way to evaluate (t)/v(t?) at certain points ¢y € Z while the series may
not be convergent on the p-adic unit circle. Namely, when v,(ty) # 0(mod p) one can
evaluate

V(t)

) s

Vps (tO)
Vps—1 (tg>

Ay(to) = = p-adiclim
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Suppose that ¢ = to or, equivalently, to = 7(a) is the Teichmiiller lift of a € F,. Then
the above evaluation is compatible with the computation of the limiting value A, for
the hypersurface 1 — tpg(x) = 0. We conclude that whenever 7,(a) # 0 then A,(7(a))
is a Frobenius root of the hypersurface 1 — ag(x) = 0 over F,. This fact demonstrates
the relation between period functions, like (), and local zeta functions of fibres of this
family. Initially observed by Dwork in [12], this phenomenon led to understanding of how
p-adic Frobenius matrices behave in families. We will return to this topic in §5.8.
2.5. Formal expansions of rational functions. Let f(x) = fux" € R[z7!,..., 2!
and A C R” be its Newton polytope There are different ways to expand rational
functions h(x)/f(x)™ with h(x) € Rz, ..., 2] and m > 1 into formal Laurent series.
Such expansions will be useful for us in the constructions in the following sections.

Let us describe an expansion procedure with respect to vertices of A. Pick a vertex

b € A and assume that f, € R*. Then

h(x) _ h(x) LRGN~ (N
™ frxmh (L4 ()™ Z( . )f( )= ex.

s>0 vezZr

—m—(s—1)) _ (_1)5 (s—l—m—l

el ) are Integers.

In this computation ¢(x) is the Laurent
polynomial /(x) = f,'x Pf(x) — 1 sup-
ported in the cone C(A—Db). Since £(x) has
no constant term, only finitely many sum-
mands ¢(x)* will contribute to each mono-
mial xV, and hence the above series is well-

\ defined.
A For later we would like to remark that if
A supp(h) C mA then the formal expansion
0 Y vezn CvXY s itself supported in the cone
C(A = D).

Examples of such formal expansions will be given in the next §.

2.6. Gauss congruences. Let f(x),h(x) € Z[z7",...,zt!], A is the Newton polytope
of f(x) and supp(h) C A. We expand the ratio of these functions at one of the vertices
of A as was explained in §2.5:

(6) =) ax

Theorem 16. (Gauss’ congruences, [4] and [5]) If the only integral points in A are its
vertices then for every odd prime p which does not divide any of the coefficients of f(x)
the coefficients in the expansion (6) satisfy

Cy = Cy/p (mod p ™), Vv e Z".

We will prove this fact in §3.5. These congruences are named after Gauss due to the
basic one-variable example

fx) =

o0
Z amx™, a € 7.

1—ax
m=0



12 MASHA VLASENKO

In this case for every prime p t a one has a™ = a™/?(mod p°4 (™). The reader may
notice that this simple Gauss’ congruence follows immediately from Lemma 6.
As our second example, let us expand at 0 the rational function

1 V1 + VU2 v
—1—$1—$2_2I1+x2) = Z( " )X.

2
m>0 VGZZO

We conclude from Theorem 16 that for any odd prime p one has

(7) (Ul + UQ) — <(U1 + UZ)/p> (mod pmin(ordpvl,ordpvg)).

U1 vy /p

In fact this rational function is very special: though the modulus p°™%) in the Gauss

congruence is sharp generically, in the case (7) one actually has congruences modulo twice
higher power of p, that is p?™in(erdsvi.ordyva) - Thig case is an example of a supercongruence
which we will be able to explain only in §5.5.

3. p-ADIC CARTIER OPERATION ON DIFFERENTIAL FORMS

Let us recall the setup of §2.2. We work with a Laurent polynomial f(x) =) fux" €
Rz, ..., 2%, The coefficients f, belong to a characteristic zero ring R. The Newton
polytope of f(x) is denoted by A C R". This polytope is the convex hull of supp(f) =

{ueZ": f, #0}.

3.1. Differential forms on the complement of the zero locus of f(x). Algebraic
differential n-forms on the complement of the hypersurface X; = {x : f(x) = 0} in the

torus T = {x : z; # 0 Vi} are of the shape w = ) 4 & with > 1 and a

F™ 2 Tn
Laurent polynomial 2 € R[z7", ..., z']. We will now define submodules of our interest
in the R-module of differential forms.
A subset © C A will be called open if its complement A \ p is a union of faces of A
of any dimensions. Below are examples of open subsets and their sets of integral points

which we denote by uz = pNZ™:

We define the R-modules

h(x)

m>1, he&R[x7,. .. 27
Fe)™ 1 supp(h) € my '

The module Q;(A) is also denoted by ;. We shall also consider

Qp(p) = {(m - 1)!

0
dQ; = R-module generated by xi—y

. veQy,i=1,...,n.
7

One can easily check that derivations 3328 preserve modules Qf(x). In particular, it

follows that dQy = > (Qy) is a submodule in Q.

1= 1$l8
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Remark 17. In [3] Batyrev gives the following identification when R = C and f is
A-regular:
§Qp/dQdy = Hip(T" \ Xy)
h(x) h(x) dx;  dz,
fEm ) e a,

dQy < ezxact forms

QfB

De Rham cohomology of affine algebraic varieties over C has a mized Hodge structure,
which consists of two filtrations. Batyrev also proves that uder the above identification
the filtration

h(x)
fx)m
descends to the Hodge filtration, and the weight filtration on de Rham cohomology is the
image of

oY co? ... with Q}’“’:{ le\mgk}

Qf(:un) - Qf(,un—l) DD Qf(:ul)a
where juy is the complement of the union of all faces of codimension > (.

In what follows we will work with elements of 2, which are rational functions. However
it is useful to remember that they correspond to differential forms.

3.2. The Cartier operation. Let us now fix a prime p > 2 and assume that Ny>1p°R =
{0}. Pick a vertex b € A and consider the following operation on formal expansions with

respect to b:
h(x)
G, : :E cvx"»—>§ CpvX".
T 4 — 7

It is unlikely that the resulting series is again an expansion of a rational function. However
it can be approximated by rational functions p-adically. Recall that a Frobenius lift
o : R — R is a ring endomorphism such that o(r) —r? € pR for all r € R. For an
endomorphism o and f(x) =), fux" we denote f7(x) = > o(fu)x"

Lemma 18. Let o0 : R — R be a Frobenius lift. For f}(l)(:)(zn =Y cyXY, the series Y cpyX

can be approzimated p-adically by rational functions with powers of f7(x) in the denom-
wnator. More precisely,

6,(8d) C for = p-adic completion of Q0.

Proof. We reproduce the proof of [5, Prop. 3.3]. It suffices to consider h(x) = (m —1)!x"
with u € mA and show that €,((m — 1)Ix"/f(x)™) € (AZfa. We rewrite 1/f(x)™ as
f(x)pm/pl=m / £(x)pIm/Pl = Then note that f(x)? = f7(x?) — pG(x) for some Laurent
polynomial G with coefficients in R and support in pA. Then we use the p-adically
convergent expansion

x4 XU f (x)plm/pl-m Z y ([m/zﬂ +r— 1) G(x)" uf(x)pﬁn/zﬂ—m7

- r fU(Xp)T'i"Vm/P] X

= p
fem - (fo(xr) = pGx))Imel -
multiply it with (m — 1)! and apply %,. We find that

x" p" (m—1)!
(- vg) - 2 1 {Tmfp] - 1)

where the Q,(x) = €,(G(x)"x"f(x)PI™/P1=m) are Laurent polynomials in 1, ..., z, with
support in ([m/p] + r)A and coefficients in R. Since the p-adic valuations of p"/r! grow

Qr(x)

([m/p] +7— 1)!W,
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infinitely, the right-hand sum is a p-adically convergent sum of elements of €2-, and hence
it belongs to Q.. U

From now on it is convenient to assume that R is p-adically complete. The R-linear
operation

9) ‘Kp:ﬁfﬁﬁfa, chxvi—)chvxv
is called the p-adic Cartier operation. We shall now list its properties.

Theorem 19. (i) The operation €, : ﬁf — ﬁfa is independent of the choice of vertex
b € A with respect to which the formal expansion in (9) is done.
(ii) For any open set p C A the image of Qf(,u) lies in ﬁfo ().
(iii) For 1 <i <mn we have

0 0

Gy o m18—xl = pxiﬁ_xi 0 6.
In particular, %p(dﬁf) C dﬁfd and the Cartier operation descends to the homo-
logical quotients L R R

(gp : Qf/de — Qfa/dea.

(iv) If R =Z, and o = 1id then
(p* = 1) Trace( 6, €y ) = #(T" \ X;)(F,)

for every s > 1.

Sketch of proof. Part (i) follows from formula (8) which actually describes the Cartier
map without appealing to the formal expansion procedure. Part (ii) can be also deduced
from this formula, because our definition of finite topology in §3.1 implies that when
winmypy then supp(Q,) C ([m/p] + r)u. The reader can find a detailed explanation of
this in [5, Prop 3.4]. Part (iii) can be easily checked on formal expansions.

Part (iv) is proved in [5, Thm A.1]. There are obvious relations among the generators
(m — 1)!% of the module €y. We consider its resolution in which such generators
become free and lift the Cartier action to such free modules in [5, Thm A.5]. These free
modules with the Cartier action turn out to be the exponential modules introduced by
Dwork, and the desired computation of the trace on them is precisely the Dwork trace
formula ([5, Prop A.8]). We remark that the traces here are well defined because modulo
any power of p the image of €, is of finite rank, and the same property holds true for the
lift of this operation to the exponential module. O

3.3. Formally exact forms. In §3.2 we defined the Cartier operation thorough its action
on formal expansions with respect to a vertex b € A. Recall that the procedure of formal
expansion was defined in §2.5. If the coefficient in f(x) at xP is in R*, this operation
embeds (2 into the R-module

Qformal = { Z CuXu | Cu € R}
ueC(A—b)Nz»

of formal Laurent series supported in the cone C(A — b). We define the submodule of
formal derivatives as

- 0
dQ ormal — ia_ Q ormal /-
formal ; T 8:13'2-( formal)

Lemma 20. A series v =) cuyX" € Qgormar 15 a formal derivative if and only if one of
the following equivalent conditions holds
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(i) cu € g.c.d.(uq,...,u,)R for each u,
(ii) €;(v) € p°Qormar for each s > 1.

Here criterion (i) holds in general over rings of characteristic 0, while for (ii) to be true
one needs R to be a Z,-algebra, so that all other primes are invertible in R. Recall that
we assume I to be p-adically complete, and hence it is a Z,-algebra.

Proof. We leave this proof as an exercise. O

For a subset 1 C A which is open in the finite topology of §3.1, we define the sequence
of square matrices with entries in R indexed by the set puz; = pNZ" as

B (W) uven, = coefficient of x™ ™" in f(x)™ .
The matrix £,(p) will be called the Hasse-Witt matrix corresponding to p and denoted
by
HW () = Bp(p)-

We shall now state the key result of our paper Dwork crystals I. We say that the Hasse—
Witt condition holds for p if det(HW (u)) is invertible modulo p. Under our assumption
that R is p-adically complete this is equivalent to being invertible in R, see Remark 11.

Theorem 21. ([5, Thm 4.3]) Assume that Ns>1p*R = {0} and R is p-adically complete.
If the Hasse—Witt condition holds for an open set u C A, then we have the following
direct sum decomposition of R-modules

Qp (1) = Q5 (11) & (Aormar N (1))

where "
AV ()= > R~
f
= I®)
1s a free module of rank #uz. Moreover, we have

(51’(Qf (/L)) C nglo) (:u) + p deormaL

It is clear from Lemma 20 that the Cartier operation preserves dQsoma (and even maps
it to p dQforma1). Hence, under the assumptions of Theorem 21, one can define the matrix
of the Cartier operation on the quotient by formal derivatives (1) /(dQ2ormar N s (1)).
We call this quotient the unit-root crystal. There is a unique matrix A(z) = (Auv)uveus
with entries in R such that

(1()) Cgp (m) - ‘;‘uz )\u,vfa—<x> (mOd deformal)

for every u € uz. In Section 4 we are going to focuse on the computation of A(u). We
remark that this matrix depends on the chosen Frobenius lift o.

The proof of Theorem 21 will be given in §3.4. It will exploit the p-adic contraction
property of the Cartier operator stated in the following proposition.

Proposition 22. One has
G Q) © Q2 (1) +p Qg ().

For any u € uy we have

G, (%) = Z HWu’va'—(x) (mod pQs(p)).

veuz
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Proof. We analyze formula (8). p"/r! is divisible by p for all » > 0 and (m—1)!/([m/p] —
1)!'is divisible by p for m > p. Terms with » = 0 and m < p have in their denominators
f7(x) in the power r + [m/p| = 1, which proves our first claim. For the second claim
we take 7 = 0,m = 1 and obtain that Qo(x) = %, (x"f(x)P~!), which proves the claimed
formula for the Cartier action modulo p with summation over v € Ay. The fact that
HW,+ = 0(mod p) when v ¢ p follows from (ii) in Theorem 19. O

Note that this proposition shows that under the conditions of Theorem 21 one has
A(p) = HW (p)(mod p),

where A(u) is the matrix of Cartier action modulo formal derivatives defined in (10).

Corollary 23. Suppose that R = 7, and the Hasse-Witt condition holds for the whole
Newton polytope A. Then the eigenvalues of the Cartier matrix A = A(A) defined by
the condition (10) with p = A are Frobenius roots of the toric hypersurface X; = {x €
T™|f(x) = 0} over the field F,. Moreover, they are all Frobenius roots of p-adic valuation
less than 1.

Proof. We reproduce the argument from [5, Remark A.2]. By part (iv) of Theorem 19
we have for all s > 1

(p” — 1) Trace( €, [ Q) = #(T" \ X;)(F,) = (p° — 1)" — #X;(Fps ).
Since %6, is divisible by p on formal derivatives, this yields
Trace(A®) = Trace( 6, | Q) =1+ (=1)" 4 X(F,)(mod p°).
Our claim follows from this. O

Problem 24. There are examples when the Hasse—Witt condition holds for a subset
w S A but not for the whole A. We expect that in this case the eigenvalues of A(u)
will be Frobenius roots as well, however the proof of (iv) in Theorem 19 was given in the
appendiz to [5] only in the case of p = A. Can one adopt the Dwork trace formula to
subsets p open in the topology of §3.17

If the above question is answered positively, one would obtain a combinatorial structure
on the Frobenius roots in the form of their belonging to open sets 4 C A. This is
particularly interesting in the view of Remark 17, where the weight filtration on de Rham
cohomology is given in terms of a sequence of open subsets of A.

3.4. The contraction property.

Proposition 25. Let My, My, M,, ... be an infinite sequence of R-modules and ¢; :
M;,—y — M; R-linear maps for all i > 1. Suppose that Ng>1p°M; = {0} for all i. For
each i let N; be a submodule of M; such that ¢;(M;_1) C N; + pM; for all i > 1. Sup-
pose that N; N\ pM; = pN; (equivalently, M;/N; is p-torsion free) and the induced maps
¢i = Ni—1/pN;—1 — N;/pN; are isomorphisms for all i > 1. Define submodules

Ui = {w € Mi|¢irs 0 diys—1 00 ¢ip1(w) = 0(mod p*M;y,) for all s > 1} C M.

Then, for all 1,

(i) M; = N; + U;.
Proof. The reader may wish to prove this lemma as an exercise or read the proof of [5,
Proposition 4.5]. O
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Proof of Theorem 21. We apply Proposition 25 to M; = Qf(,z( ) and ¢; = €, for all i > 0.
For N; we take the Q i (p). The property N; N pM; = pN; clearly holds. Proposition 22
states that ¢;(M;) C N + pM; and the matrix of ¢; : N;_1/pN;_1 — N;/pN; is given by
HW ' (1)(mod p). Its determinant is then congruent to det(HW)? (mod p), which is
invertible under the assumption in Theorem 21. So the assumptions of Proposition 25
are satisfied.

By Lemma 20(ii) we find that Uy = Q #(1) N dQormar. Then application of parts (i) and
(iv) of Proposition 25 shows that

Q) = 2 () @ Uy
as R-modules. Part (iii) shows that %p(ﬁ 7) C Q}lg) (1) 4+ p dQformar as claimed. O

3.5. Proof of Gauss congruences. We are now ready to prove Theorem 16. Let us
recall its formulation. We assume that f(x) € Z[z{",...,#F'] has a Newton polytope
A whose only integral points are vertices. Then for any Laurent polynomial h(x) with
coefficients in Z and supp(h) C A the coefficients of any formal expansion

- Y e

veznr

satisfy congruences ¢, = ¢y /,(mod pordp(")) for every prime p which doesn’t divide any of
the coefficients of f(x).
The desired congruence is equivalent to the fact that w = h(x)/f(x) satisfies

(gpw —wep deormala

where d€¢ma is the module of formal derivatives introduces in §3.3 . It clearly suffices
to prove this claim for w = x"/f(x) where u is a vertex of A. Consider

= A\ union of all faces which do not contain u.

This set is open in the topology of §3.1 and its only integral point is u, that is we have
pz = {u}. The 1 x 1 Hasse-Witt matrix for this u is

HW () = coefficient of xP~V% in f(x)P~! = f2=1 = 1(mod p).

Here fy € Z is the coefficients at x" in f(x) and the congruence holds because p 1 fy by
our assumption on p. Hence the Hasse-Witt condition holds for pu over R = Z, and by
Theorem 21 applied with the trivial Frobenius lift 0 = id there exists a unique A\ € Z,
such that

(11) Cpw = Aw (mod p dQsormar)-

By Theorem 19 the Cartier operation, and hence this p-adic number A, is independent
of the choice of vertex of A at which the formal expansion is done. Hence we can use
expansion at u to determine . For this expansion we have co = f;! # 0, and therefore
comparing the constant terms on the two sides of (11) we find that A = 1 as desired.

4. PERIODS

In this lecture we will focus on computation of the Cartier action modulo formal deriva-

tives which were introduced in §3.3. The setup is like in §3.1-3.3. We work with a Laurent

polynomial f(x) € R[zi!, ..., x!] with coefficients in a characteristic 0 ring R such that

rn

Ns>1p°R = {0}. We also assume that R is p-adically complete.
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The Newton polytope of f(x) is denoted by A C R™. Let 1 C A be an open set in the
sense of §3.1. Recall that, if the Hasse-Witt condition holds for p, Theorem 21 implies
existence of a unique matrix A(p) = (Auv)uvey, With entries in R such that

x" xV
(12) %, (—) = Aav —— (mod pdQ¢rmal)
\iw) = 2 T

for every u € uz. We are going to exploit divisibility properties of coefficients of elements
of dQormar to compute the Cartier entries A\, € R. We first explain a straightforward
approach to this question, which is a version of Nick Katz’s Internal reconstruction of unit-
root F-crystals via expansion coefficients in [?]. Later we will move to more sophisticated
methods using period maps.

4.1. p-adic interpolation of Cartier matrices via expansion coefficients. In Sec-
tion 2.5 we explained the procedure of formal expansion of rational functions with respect
to a vertex b of A. We have expansions

w= Z Cu(w)xY, w € Q.

Proposition 26. For any vector w € Z" one can consider the sequence of vectors Ag €

R#Hz s > 1 with entries
Xu
As u = Cpsw | 77~ |-
( ) Epz, cp (f(X))

Ay =Ap)o(As—r)  (mod p*).

Then

Proof. Let us take the expansion coefficient at p*~'w on both sides of (12). By Lemma 20
this coefficient is divisible by p*~! on domal, and therefore we obtain

B S S P

vEuZ,

This congruence is precisely our claim. U

Usually one can determine A(u) from congruences as in Proposition 26 taken for several
exponent vectors w.

4.2. Period maps.

Definition 27. A period map with values in an R-module S is a homomorphism of R-
modules P : Qp — S which vanishes on dSy. Values of a period map are called periods.

The classical notion of periods for algebraic varieties was introduced by Alexander
Grothendieck. Since elements of d€2; correspond to exact differential n-forms on T™\ Xy,
there are classical period maps of integration along topological n-cycles Y C (T"™\ X;)(C):

Py:w—>/w.
Y

Here we identify elements of Q2; with differential forms on the complement T"\ X, as was

hx) -y W) 21 zn o Blements of df) # correspond to exact
CE R ' ! '
forms, and therefore Py (dQ;) = 0. In general such maps take values in C, or in analytic
functions in case of families of hypersurfaces, and we do not expect them to behave well
with respect to the Cartier operation. Our goal will be to construct Cartier-invariant

period maps. We start with an example.

explained in §3.1, that is
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Example 28. Take f(x) = 1 — tg(x) with g(x) € Z[z7",..., x|, Assume that 0 € A
(not necessarily a vertex or an internal point). We can work with any ring R such that
Z[t] C R C Z,[t]. Consider the formal expansion of rational functions at 0:

h(X) _ x s+m—1 Sq(x)® = c x4
SR T DY (G [ D SENCRD

520 uezZnr

This expansion is convergent t-adically, and the coefficients cy(t) belong to the ring of
formal power series S = Z,[t]. Then

Po : w > co(w)
is a period map with values in Z,[t] which
e vanishes on drmal,
® s G,-invariant.
The first property is clear because the constant terms of logarithmic derivatives xia%iu are
zero. The second property follows from the fact that the Cartier operation acts on formal
expansions at 0 is the same way as on expansions at vertices of the Newton polytope.

That is, we have 6, : Y, ca(t)x™ = > cou(t)x™. The reader who is not convinced may
find a discussion of this later point in [6, §2].

We note that the period map in the above example is of the kind of earlier mentioned
integration maps. This is integration along the n-cycle Y = St x - .- x St if We divide the
result by (27i)", or the residue map at 0. One can write this fact as Py =

Now we can revisit §2.4. We prove the following fact.
Theorem 29. Take f(x) = 1 — tg(x) with g(x) € ZaF', ... 2], Assume that the

r'n

Newton polytope A has only one interior integral point. Assume further that this interior
point is the origin, that is A° NZ™ = {0}. For i > 0 we denote by ¢; € Z the constant
term of g(x). Consider the genemtmg series

i % 7{ 1 dml dz,
Z it = . G
27rz 1—tg(x Tn

and denote its truncations by v, (t) = > 1", Leitt. Then for any odd prime number p one

has
(1)
(tP)
Proof. Consider u = A°. The respective Hasse-Witt matrix (of rank 1 in this case)
is given by HW(t) = constant term of (1 — tg(x))P"! = 3P} (—=1)/(",")cit’. Since
HW (t) = 7,(t)(mod p), it follows that HW (¢) is invertible in the ring R = Z[t, v, ()]

Let 0 : R —> R be the Frobenius lift o(r(t)) = r(t?). By Theorem 21 there exists A € R
such that

Pslx -xSt.

2m

€ Z[t, ()"

1 1
(13) Cgpf(x) = )\f"(x) (mod p dQ¢ormal)-

We apply to this congruence the period map Py defined in Example 28. Note that
Po(1/f(x)) = ~(t). Using the two properties of the map Py we get

(1) = A (),
from which it follows that A = ~(¢)/~(t?). Since A € R, this proves our claim. O

Our next goal will be to prove an explicit p-adic approximation to ~y(t)/~(#”) by ratios
of truncations 7ys(t) /yps—1(t*). For that we should evidence that truncations are periods.
In fact, they will be periods modulo p® which we shall now introduce.
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4.3. Periods modulo p°.

Definition 30. Let S be an R-module such that Ngp®S = {0}. An R-linear map p :
Qp — S such that p(dQdy) C p°S is called a period map modulo p®.

Example 31. Letw = Y, cu(w)X" be either one of the procedures of formal expansion
introduced earlier. It can be either an expansion at a vertexr b € A as in §2.5 or an
expansion at 0 € A as in Ezample 28. We take S = R and S = 7Z,[t] in these cases
respectively. Then for any exponent vector w € Z" the map
W = Cpew (W)
15 a period map modulo p® with the following properties:
° Cpsw (deormal) C psS7

® Cpsw = Cps—1y O Cp.

Example 32. Letw > Y _m cu(w)X" be either one of the procedures of formal expansion
introduced earlier with coefficients in S = R or S = Z,[t] D R. Let{(x) € S[zT!, ... o]
be a Laurent polynomial. Then
Psi s W Co (E(X)psw)

1s a period map modulo p® with the following properties:

® PDsv (deormal> C p557

® Psp = Ps—14° © (gp (HlOd p5>
The reason that the first property holds is that

s 0 0 .
0(x)? xia—xzy = xza—xz (¢(x)?" v) (mod p®).

We than take co and obtain that ps’g(xi%V) € p°S. Proof of the second property is left
an an exercise for the reader.

The fact that expansion coefficients are period maps (Example 31) was actually used
in the proof of Proposition 26. Example 32 provides a generalisation, which we shall now
use to prove Dwork’s congruences announced in §2.4.

Exercise 33. Prove Theorem 15. For that, check that vps(t) = (psg — Psitgx))(1/f(X))
and apply these period maps to the identity (13).

Now we are in a position to prove the following generalisation of Theorem 10.
Theorem 34. Let 1t C A be an open set. We consider the sequence of square matrices

B (1) uve, = coefficient of x™ ™™ in f(x)™ .

Suppose that the Hasse-Witt condition holds for ), that is matriz ,(n) = HW (u)
is invertible, and let A(p) be the Cartier matriz (12) on the quotient of Qp(p) by the
submodule of formal derivatives. Then for every s > 1 we have

Brps (1) = M) o (Brps—1 (1)) (mod p?).

In particular, when m =1,

A(p) = Bys (1) 0 0(Bpo-1 (1)) " (mod p°).
Proof. Denote w, = x"/f(x) for u € pz. Matrix A(u) = (Ayv) satisfies

Cp(wu) = Z Auvwy (mod pdQ¢orma)-

VEuz
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For w € gz let ¢(x) = f(x)™/x™". We apply to the above congruence the period map
ps—1,0 defined in Example 32. Using the two properties of this period map we get

ps,€<wu) = Z )\u,v Ps—1,0 (w3> (mOd ps)

VEuz,

It remains to notice that

pse(wa) = co (S TIXNTTTY) = By (1) u -

5. BEYOND THE UNIT ROOT PART

So far we developed a method which gives those Frobenius roots which are p-adic units.
In the last lecture we will introduce higher Hasse- Witt conditions and explain a far going
generalization of the previous results. These methods will allow to construct Cartier
matrices on (p-adic completions of) the whole de Rham cohomology modules. We will
also discuss applications and related phenomena of supercongruences.

The setup is like in §3.1-3.2. We work with a Laurent polynomial f(x) =), fux" €
R[zf', ... '] with coefficients in a characteristic 0 ring R such that N,1p°R = {0}. We

also assume that R is p-adically complete and equipped with a Frobenius lift 0 : R — R.

5.1. Higher formal derivatives. In §2.5 and §3.3 we defined an embedding of {2; into
the space of formal power series

Qformal = { Z auXu | ay € R}
ueC(A—b)NzZ"
by the procedure of formal expansion of rational functions at a vertex b € A. It is
assumed that f, € R*.
Definition 35. The submodule of k-th formal derivatives
deformal C Qformal

is the R-module generated by elements of the form 6;, - - - 0;, v, where 0; = xi%, vV € Qormal
and 1 <i; <n for each index j =1,... k.

We have the following generalisation of Lemma 20:

Lemma 36. A series v =) auX" € Qgormal s a kth formal derivative if and only if one
of the following equivalent conditions holds

(i) ay € g.c.d.(uy,...,u,)*R for each u,

(ii) €;(v) € " Qormar for each s > 1.

Proof. The proof is left as an exercise. O

5.2. Higher Hasse—Witt conditions. Let u C A be an open set in the finite topology
introduced in §3.1. There is a natural filtration on Q;(u) by the order of pole along the
zero locus of f(x):
Q(k)(,u) = Spanp, ((k - 1)!X—u) , k>1
! FO*) ety
On de Rham cohomology this filtration corresponds to the Hodge filtration, see Re-
mark 17. The main result of [7] describes a splitting filtration in arithmetic terms:
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Theorem 37. Let R be p-adically complete, u C A be an open set and 1 < k < p. If
the kth Hasse-Witt condition holds for u, then there is a direct sum decomposition of
R-modules N .
O (n) = P () @ Fi,
where
Fie = Qs (1) N A" Qormar = {w € Qs () : €2 (w) € pFQpos () Vs > 1}
1s the submodule of kth formal derivatives. Secondly, one has

G (1) € QW (n) + pFFL.

This theorem will be proved in the next section. Let us recall formula (8) which
describes explicitly the Cartier action €, : Q0 — Qo

x* O\ Pt (m—1)! Q- (x)
10 (0755 = X T =V
where the Q,(x) = €,(G(x)"x"f(x)?[™/?1=™) are Laurent polynomials in 1, ..., x, with

support in ([m/p]+7r)A and coefficients in R. Polynomial G(x) was defined as (f7(x?) —
f(x)?)/p, it is supported in pA and has coefficients in R. We observe that formula (14)
implies that

k ~
Co( (1)) © Q2 (1) + 9"y ().

The kth Hasse-Witt condition means that the image of the Cartier operator modulo p*

has maximal possible rank. We shall now explain how to verify this condition in practice.

Definition 38. Assume that 1 < k < p. Denote
E—1
FO() = F 3 (170 = S0P 72,
r=0

The k-th Hasse-Witt matriv HW®) is the matriz indexed by the set (kA)z = (kA) N Z"
with entries given by

HWl(lk‘), = coefficient of X"~ in F®)(x).
For an open set u C A we denote by HW® (1) the submatriz indeved by (kiu)z.

Exercise 39. Check that

frxP)E
fx)*

where on the right one has to consider the Laurent series expansion in order to determine

the coefficient.

HW

ww = coefficient of x*¥7" in (mod p*),

Lemma 40. Let n C A be an open set.
(i) Foru € (ku)z one has

4 (1) = P W2 (mnod ()

(ii) Let us denote my = (ﬁ,u)z for ¢>1 and
k

Lk, p) = S0 = 1)(my — miy).

=1
Then det (HW® (p)) € p**m R,
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Proof. (i) follows from formula (14). We leave the check as an exercise. For (ii) we choose

a basis wy, ..., Wy, in the free R-module Qgck) (u) so that wy,...,wn, is a basis in Qgp (1)
for every ¢ < k. This is called an extended basis. Under our standard assumption that
there is a vertex b in A such that the coefficient of f at xP is in R, one may check that

a0\ (= D 1<

is an extended basis in Q;k) ().

We write the action of the Cartier operator on Qgck)(u) modulo p* with respect to an
extended basis. That is, we choose some Cj; € R such that €,(w;) = >, Cj;w{ (mod Ph).
Formula (14) shows that %, maps Qgck) (1) to 1, pl_ngclg(,u), and hence Cj; is divisible
by p'~! when m;_; < j < my. We conclude that det(C) € p“** R,

Let @y = x/f(x)*, u € (ku)z be the monomial basis in Q;k) (). From part (i) we know
that HW® (1) describes the action of the Cartier operator modulo p* in this monomial
basis. Let A be the transition matrix, that is @y, = >, Ayw;. Then

C=A"1- HW® . A° (mod p*).
It follows that det(A)~!det(HW® (1)) det(A)” € p**# R. Since R is p-adically com-
plete, invertibility det(A) € R* implies that det(A)? € R*. It follows that
det(HW® () € p**1 R,
U

Definition 41. We say that the kth Hasse- Witt condition holds for an open subset p C A
when

(15) det(HW O () € p" M R*, 1< (< k.

In [7, §5] it is explained that this condition means maximality of the Cartier image
modulo p*.

5.3. Proof of the main theorem. In this section we will prove Theorem 37. The
proof was given in [7, §4-5] in a more general situation of Dwork crystals. Here we will
give a somewhat simplified version, which works for modules € ;(u) and exploits our key
contraction principle stated in Proposition 25.

To shorten the notation we shall drop p from Qf(p) and L(¢, 1) for the duration of

this proof. Similarly, Qgck) will stand for Qgck) (1). We thus need to show that the kth
Hasse-Witt condition implies that Q, = Qgck) & Fy, and 6, () C Q;’z) + p" FY, where FY

is the submodule of kth formal derivatives in 2¢-.
We will use induction on k. The case k = 1 is already handled in Theorem 21. Suppose
now that £ > 1 and

(16) QG2aler foall<k.
We will show that

Fr—1 = (Qﬁc’“) N Fr-1) © Fr,
and hence

QG2 Ve P nFo) e R 2ol o F.

The last equality is a consequence of (16) with [ = k—1 restricted to Q;k). Our convention

is that Fy = (Alf.
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We would like to apply Proposition 25 with
lgip ¢i = pl_k‘fp and N; = M; N Q;]?z

We shall check that the assumptions of Proposition 25 are satisfied. It is clear from
the definition of modules F, that 6,(F,) C p*F¢ for any ¢. Therefore ¢; maps M, ; to

M;. Let w € Fr_1. We know that 6,(w) € p* ' F7 ;. Since %, maps Qf modulo p*
to QEJZ) we can conclude that 4,(w) = p*lw; + pFwsy with wy € FZ_; N Q;’Z), wy € Qo
Using (16) for f7 we write we = wj + v5 with v, € F7 | and w) € Q =1 Q;’f,) We get
Cp(w) = p" v+ pre with vy = wy +puwh € Q;kf, Note that v; = p'~ k(fp(w) —pve € F7 4.
We thus proved that

G(Fir) PN FL N Q) + 0

Replacing f with f°' and dividing by p*!, we then obtain

(17> ¢z( i— 1) C N +pM
Next, we need to check that

We will give the argument in the case z = 0; other cases will follow by replacing f with
fo". Recall that No NpMy = Fr_1 N Q ﬂp]:k 1= Q( N pFr_1. One easily checks that

this equals p(Q N Fr_1) = pNo.
Note that by (17) and (18) we have induced maps

(19) 51 : Nzel/pNiq — Ni/pNi-

To apply Proposition 25, it remains to check that (19) are isomorphisms. We shall restrict
to the case © = 1, the other cases being similar.

Let us denote my = #({p)z. Let wy, ..., wn, be a basis of Q}k) such that wy, ..., wpy, is
a basis in ng)(u) for every ¢ < k. This is called an extended basis. Its existence is a mild
assumption (see [7, §5]). For example, if there is a vertex b in A such that the coefficient
of f at xP is in R*, then an extended basis exists (the reader can find in the proof of
Lemma 40).

Forl=k—1downtol=1and r=m;+1,...,my, we choose 1, € Qy) such that

—mn, € F;. This is possible because of (16). Then redefine w, := w, —n,. We now have
a new extended basis of Qgck) such that

wr € F1 N QEJH) whenever my < r < myiq.
In Q;’f) we can choose a similar basis wf,7 = 1,...,m.

Let C = (¢;;) be a matrix of %, modulo p* in these respective bases. That is, we
choose some \;; € R such that

(w;) = Z cijwj (mod pkﬁfa)

for every 1 <1 < my,. Since 6, is divisible by p! on Fy, we have pl|cij when my <1 < myyq.
Exercise: check that decompositions (16) imply that ¢;; = 0(mod p*) when j < m, <
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for some ¢. Thus w.l.o.g. we may assume that C' is a block-upper-triangular matrix; we
will denote its diagonal blocks by p‘Cy, 0 < ¢ < k — 1:

C() *x *
c— |0 pC px
0 0 pk_le,l

Note that Ci_;(mod p) is the matrix of the map
A Q;k)(mod p) — Fp_i N Q}]Z)(mod D).

in the bases w;, w?, my_1 < i < my. This map is precisely (19) for i = 1. We can now
conclude that this map is invertible if and only if

det(Ck_l) € R*.

Recall that HW® is the matrix of €),(mod p*) in the monomial basis &, = x*/f(x)*,
u € (kp)z (see Lemma 40(i)). Let A be the transition matrix, that is @, = ), Ayw;.
Then

(20) C=A"1-HW®. A7 (mod p").

It follows that det(A)~'det(HW® (1)) det(A)? € p“*o)R. Since R is p-adically com-
plete, invertibility det(A) € R* implies that det(A)? € R*. It follows that det(HW ®) (1)) €
pL(k’U)R.

Let § be the diagonal matrix of size m;, whose j-th entry equals p'~! where my,_; <
j < my. Since the j-th row in (20) is divisible by p', we can multiply (20) by the matrix
571 on the left retaining a congruence mod p between matrices with entries in R. Note
that det § = p“®). We conclude that

k—1
[ det(Ce) = p~"®) det(A) ™" det(HW ™) det(A7)  (mod p).
=0

The Hasse-Witt condition yields p~®) det(HW*)) € R*. Since R is p-adically complete,
det(A) € R* implies that det(A)? € R*. Hence det(Cy_1) € R*, which concludes the
proof of invertibility of (19) when ¢ = 1. For general i we use the same argument with f

substituted by fo' .
We checked that the assumptions of Proposition 25 are satisfied. From parts (i) and
(iv) of that proposition we conclude that My = Ny @ Uy, where
Up = {w € My|pps0...0¢1(w) € p°M, for all s > 1}
= {w € F1|€(w) € pF, for all s > 1} = Fy.

We proved that Fj_1 = (Fr_1 N Qgck)) @ Fi. Using the argument from the beginning of
the induction step, the first claim of our theorem follows.
Our second claim follows from (15) and the decomposition that we already proved:

Cgp (Qf) - Q;’Z) + pkﬁfa = Q;Ck;) -+ pk (Q;IZ) + f[?)
= Qgc]fr) + pFFY.

This finishes the proof of the theorem.
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5.4. p-adic interpolation of higher Cartier matrices. In §4.1 we explained interpo-
lation of Cartier matrices on the unit-root quotients Q;(u)/F; via expansion coefficients,
the principle which goes back to Nick Katz. This can be done for the quotients by higher
derivatives in a similar vein. Let wy, ..., wx(ky), be a basis in the free R-module Qgck)(u).
If the kth Hasse-Witt condition holds, then by Theorem 37 there is a unique matrix
A = (\;;) with entries in R such that

#(kp)z
(21) Golw)= Y Ajw]  (mod pFFY).
j=1

Consider any procedure of formal expansion w = Y ;. cu(w)x" for w € Q. This can be
expansion with respect to a vertex b of A as in Section 2.5, or expansion at the origin 0
as in Example 28. For any vector u € Z", taking expansion coefficients at p*~'u in (21)
yields

#(kp)z

Cpou(wy) = Z Aij Cps—1u(w]) (mod P, s> 1.
j=1

In practice one can often solve systems of such p-adic congruences and obtain explicit
expressions for A in terms of expansion coefficients. In the following sections we will
overview several applications in which explicit information about entries of A appeared
to be useful.

5.5. Supercongruences and excellent Frobenius lifts. Let us start with a simple
example, in which one can explicitly compute the action of 4, modulo F, using the
method of the previous section. This example will help us to illustrate the phenomenon
in the name of this section.
Example 42. Let f(x) = (1 — z1)(1 — 23) — tz125 and

R = p-adic completion of Z[t,1/t].
Frobenius lifts o : R — R are given by t — t° € t* + pR. In [7, §6] we show that for any
Frobenius lift one has

% (769) = i e 7 ! U
K (f(1x)> - f"tx) +log (i—) ("ﬁ) (mod p*Fy).

where 6 = t%. We see that in the special case t° = t¥ one has

1 1 i
(23) Gy (f(x)) = o) (mod pFy).

For this special Frobenius lift 1/ f(x) becomes an ‘eigenvector’ of the Cartier operator
modulo Fo, while in general it is only an ’eigenvector’ modulo F,. Existence of such lifts
was observed by Bernard Dwork who called them excellent Frobenius lifts.

(22)

In the above example, let us expand 1/f at the vertex 0 € A:

79~ S amari—ae =, 2 () ()t

m>0 m,u1,u2>0

min(ug,u2) u u
u 1 2\ m
= Y awdx, elt) = () (1)
0

2 =
uEZZO m
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The first line in (22) means that for any Frobenius lift o : R — R
Curps uaps (1) = Cuyps—tugps—1(t7)  (mod p%), s> 1.

However for the excellent Frobenius lift 7 = 7 we have (23) and the modulus improves:
Curps nps (1) = Cuypo—tagpe—1 (1) (mod p**), s> 1.

This is an example of supercongruences.
Note that values t = +1 are fixed by our excellent Frobenius lift ¢ — t?. For example,
for t = 1 we have supercongruences for the expansion coefficients of

1 U+ U
3 ()
1-— 1 — X9 5 Ui
uEZZO
Namely, the binomial coefficients satisfy

((Ul ;;;2)298) ((Ul + U2)P81> (mod ).

u st

This supercongruence is ‘twice stronger’ than the Gauss’ congruence in §2.6.

5.6. Calabi—Yau families. In [7, §7] we describe excellent Frobenius lifts for completely
symmetric Calabi-Yau families. A lattice polytope A C R"™ is called reflexive if it is
of maximal dimension and every codimension 1 face of A can be given by an equation
Yo au; = 1 with all a; € Z. This condition implies that A° N Z™ = {0} and every
u € Z" lies on an integral dilation of the Euclidean boundary of A.

Definition 43. *A Calabi-Yau family is given by
1—tg(x)=0
with g(x) € Z[zF', ..., 2] whose Newton polytope A C R™ is reflevive. A Calabi-Yau

family 1s called completely symmetric if the only non-zero integral points in the Newton
polytope are vertices and there is a finite subgroup G C GL,(Z) which acts transitively on

the set of vertices and preserves g(x).
Here are some examples. The reader will find their detailed disussion in [7, §7]:
e simplicial family
g(x) =z + ...+ 2, +
1:1 o .. xn

e hyperoctahedral family
1 1
g(X):az1+x—+...+xn+—

1 T
e hypercubic family

g(x) = (x1+xil)(x+$i)

4Reﬂexivity of the Newton polytope is closely connected to the Calabi—Yau property . Namely, Victor
Batyrev showed in [3] that when R = C, f € (C[:Elil, ...,xF' has a reflexive Newton polytope A and
satisfies a certain condition called A-regularity, then the toric hypersurface f(x) = 0 can be compactified
to a Calabi—Yau variety in a certain projective space Pao constructed using the Newton polytope only.

A Calabi-Yau variety of dimension d has a nowhere vanishing holomorphic differential d-form which
is unique up to multiplication by a constant. In our setup this form on the hypersurface of zeroes Xy is
represented by the element 1/f(x) € Q.
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o A, -family

1 1
gx)=(1+x14+...+z,) (1+—+...+—)
T Tn

One takes f(x) =1 —tg(x). For R we take a p-adically closed subring of Z,[t]. More
precisely,

(24) R = p-adic completion of Z[t, 1/hw:(t),1/hws(t)],

where hw(t), hws(t) € Z[t] are the so-called first and second Hasse-Witt polynomials.
These polynomials are defined in [7, §7] for a given Frobenius lift o, but change of the
lift results in a polynomial which equals to the previous one modulo p. In the view of (ii)
in Exercise 14 the ring in (24) is defined independently of the choice of o.
Let I' € Z" be the lattice spanned by the vertices of A. For completely symmetric
Calabi—Yau families for which I' = Z" one can show that
o\g ~ L ( 1 ) 5
ST = g i e )
Here Q(A°)Y means the submodule of G-invariant elements in Q(A°). Another basis
in this rank 2 R-module is given by 1/f and 6(1/f), where § = t%. Therefore for any
Frobenius lift 0 : R — R one has

%, (%) = Ao(t)f%(x) + A1 (t) (0%)0 (mod p*F3).

Here elements A\g, A\;1 € R depend on ¢ and can be determined explicitly in terms of the
Picard-Fuchs differential equation satisfied by the period function

1 1
Fy(t) = ‘n%.”%_—%.”%
(271) 1 —tg(x) 4 Ty

= Z cmt™,  ¢pn = constant term of g(x)™.
m=0

Earlier we denoted the series Fy(t) by 7(t), but a change of notation at this point is
useful. Denote Ly = 62 + A(t)0 + B(t) where A, B € R are the elements determined by
the condition Ly(1/f) € Fa. Note that Fy(t) = Po(1/f(x)) where Py : Q2 — Z,[t] is the
period map of Example 28. Since this period map commutes with the derivation 6, series
Fy(t) = Po(1/f) is annihilated by the differential operator Ly. There is unique second
solution to Loy = 0 which has the form

log(t)Fo(t) + Fi(t), Fi(t) € tQ[[t]).°

In [7, §7] we compute Ay and A\; in terms of the series Fy(t), Fi(t) and the Frobenius lift
o. We find that there is a unique excellent lift 0. It can be conveniently described in

ST C Z'™ then one also needs to restrict to rational functions whose numerators are supported in I'.
Such modules are examples of more sophisticated Dwork crystals considered in [7]. The theory of this
section works for them along the same lines, but we prefer to avoid these cases here for simplicity. The
reader may check that I' = Z"™ for simplicial, hyperoctahedral and A,, families, while for the hypercubic
family one has [Z" : T] = 2"~ 1.

In the Appendix to [7] it is shown that the series F(t), and hence also A(t), B(t) € R do not
depend on the prime p. There is a Picard—Fuchs differential operator, which is an operator of minimal
degree L € Q(t)[6] such that L(1/f(x)) € d§2y. This L annihilates the series Fy(t) (obviously) and
log(t)Fy(t) + Fi(t) (much less obviously), and therefore Lo is a right factor of L in the bigger ring
QI[t]][6]- Operator L describes the Gauss-Manin connection on the de Rham module Q;(A°)9/dQ;. It
will appear in §5.8.
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terms of the so-called canonical coordinate

¢(t) = exp (log(t)F;&i; Fl(t)) — texp (g—g) € ¢ + £2Qf]).

Theorem 44. [7, Theorem 7.3] Consider a completely symmetric Calabi—Yau family
1—tg(x)=0

as in Definition 43. Assume that p{ #G x [Z™ : T'| x ¢, where G is the symmetry group of
the famuly, 1" is the lattice generated by the vertices of A and ¢ € Z is the vertex coefficient
of g(x). Then

(i) the canonical coordinate is p-integral: q(t) € t + t*Z,[t];

(ii) there is a unique Frobenius lift oo : Zy[t] — Z,[t] such that

L = ;mo 2 Fgo wi :ﬂ-
% (769) = X0 (et 5w N0 =

(iii) the excellent lift o is given in terms of the canonical coordinate by

g g
moreover, one has oo(R) C R where R is the ring defined in (24).

The inverse series t = t(q) € q + ¢*Q|[q]] is called the mirror map. One particular
consequence of this theorem is that the series t7° = oy (t) belongs to the ring (24). This
ring is contained in the field of p-adic analytic elements

(25) E, = p-adic completion of Q(?).

It is often the case for Calabi-Yau families in n < 3 dimensions that ¢(¢q) is an elliptic
modular function (see [7, §8]). In [15, §7] Dwork proved that for the elliptic j-invariant,
the series j(¢”) is a p-adic analytic function of j(g). Particularly, he shows it can be
approximated by rational functions of j whose denominators are powers of a first Hasse—
Witt polynomial which we denote by hw()(¢) in our setup. This is a polynomial whose
roots (mod p) are precisely the supersingular j-invariants. Dwork attributes this theorem
to Deligne. For n > 4 we do not expect any modularity of ¢(g). Still, our result shows
that t(¢?) is a p-adic analytic function of ¢(g), though in general the second Hasse-Witt
polynomial also occurs in denominators of interpolating rational functions. We shall look
at fixed points of these p-adic analytic functions.

Exercise 45. In the setup of Theorem 44, prove that for every a € F,, such that hw™ (a) #
0 and hw®(a) # 0 there is a unique @ € Z,, a = a(mod p) such that a is a fized point of
the excellent Frobenius lift:

t’°(a) = a.

Problem 46. Compute fized points of the excellent Frobenius lift for the specific com-
pletely symmetric Calabi—Yau families given earlier in this section.

This problem is of interest because we expect supercongruences to hold at these points
as we demonstrated in a simple example in the end of §5.5.

5.7. Cartier matrices on de Rham quotients. To shorten the notation, we write
Qp(p)/dSy for what actually is Qp(u)/(dQ2r N Qp(p)). In situations when this is a free
R-module of finite rank one can combine reduction modulo derivatives with computation
of the Cartier action modulo higher formal derivatives by means of congruences in order
to obtain Cartier matrices on Q¢()/dS2s. Let us list the necessary steps:

o determine a basis in Qf(u)/dQy,
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e determine m such that F,, C dQ2y N Qs(u), check the mth Hasse-Witt condition
for 11 and solve systems of congruences to determine the matrix A (u) of the
Cartier action modulo F,,,

e describe reduction of the basis in Q;m) () from the second step to the basis in
Qp(p)/ddy which was found in the first step and compute the matrix of the
Cartier action modulo d$2; using A™ (p).

In [9] we performed these steps for simplicial and hyperoctehedral Calabi-Yau families in
n dimensions. The results will be presented in §5.8. Let us note here that checking higher
Hasse-Witt conditions may be a difficult task. For these n-dimensional families we needed
the nth Hasse-Witt condition. The following theorem shows that these conditions hold
rather generally for families whose Newton polytopes are sufficiently simple. We consider
families

1—tg(x)=0

with g € Z[zF!, ..., 2] and assume that the Newton polytope A is reflexive. Examples
were given in §5.6. A proper face 7 C A is called a simpler of volume 1 if it has
dim(7) 41 vertices and all lattice points in the R>o-cone generated by 7 are integer linear
combinations of the vertex vectors. More generally, the simplicial volume of 7 is the index
of the lattice of points generated as Z-linear combinations of its vertices in the lattice of
integral points in the R-vector space spanned by them.

Theorem 47. [8, §3] Suppose p > n. If all proper faces of A are simplices of volume 1
and all vertex coefficients of g(x) are in Z then for any open u C A and any k < p, the
k-th Hasse-Witt condition holds for ju over the ring Z,[t].

Problem 48. State assumptions under which Hasse-Witt conditions hold for polytopes
of more general shape.

Solutions to this problem would allow to apply our methods to a bigger realm of
Calabi—Yau families.

5.8. p-adic Frobenius structures on differential equations. Let uslook at the situa-
tion when the coefficients of f(x) depend on a parameter, that is we have Z[t] C R C Z,[t]
as in examples of Calabi—Yau families from §5.6. In these case Cartier matrices, which
we usually denoted by A, also depend on t. We will show that they satisfy very particular
differential equations.

Suppose that Q¢(u)/dQ; is a free R-module of rank m and A(t) = (\; ;(£)) is the matrix

of Cartier operation in some basis wi, ..., w,, of this quotient module:
(26) Cpwi = Z Aij(t)w]  (mod dﬁf)
j=1

fori=1,...,m. We assume that R is p-adically complete and Qf(u)/dﬁf = Q(p)/dy.
This will be the case in the examples below. Note that derivations of R, which act
on rational functions in Qy(x) by the usual rules of differential calculus, preserve this
modules. Since they commute with derivations in the variables xy, ..., x,, derivations of
R also map the submodule d€)s to itself. This fact turns Qg(u)/dS2s into a differential
module. Pick a derivation, e.g. 6 = t%, and write down the matrix of its action in our
basis: let N € R™*™ be such that

Let N(t) denote the matrix of 6 in the basis w?, i = 1,...,m in Qo (p)/d o
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Proposition 49. The Cartier matriz A satisfies the differential equation
(28) O(A) = NA — AN.
Proof. Note that ¢, and § commute as operations on 0 ¢ and Q o
0o%,=%,00.

Perhaps the easiest way to check that they commute is by looking on the Cartier action
on formal expansions. Let us apply # to the equation (26):

0(6,w;) = Z( ig)w5 +)\”Z kwg) (mod dﬁfa).

Jj=1

On the other hand, the Cartier operation is R-linear and therefore

Cp(0w;) = (Z > = ZlNiJZl)\j’kwg (mod d€2s-).
i= i=

Since ¢, and 6 commute, the two above expressions are equal and we obtain that 6(A) +
AN = NA. This is precisely our claim. O

The situation of modules Q¢(p1)/d*Qtorma with & > 1 and matrices A®)(¢) can be
considered in exactly the same way yielding the same differential equation (28), see |7,
Prop 5.12].

Exercise 50. Suppose U(t), V(t) are fundamental matrices of solutions to O(U) = NU

and (V) = NV respectively. Assuming the multiple U'AV makes sense, use (28) to
check that O(U'AV) = 0. We can conclude that

A(t) = U AV (1)
where Ao is a constant matriz.

Let us now suppose that the differential module Q¢(u)/dQ2; has a cyclic basis, that is
we have an element w € Q;(u) such that 6*(w), i = 0,...,m—1is a basis in this quotient
module. Let

L=0"+a,(t)0™ "+ ... 4 ap_1(t)0 + an(t) € R[Y)]

be the differential operator such that Lw € d€2;. We will call it the Picard-Fuchs differ-
ential operator. Then

0 1 0 . 0
0 0 1 0
N = _
—am(t) —am;—1(t) oo —ag(t)
Let yo,...,ym be a basis of solutions to the differential equation Ly = 0. Then it is
not hard to see that U(t) = (6'yj)o<ij<m—1 is a fundamental solution to the system

6(U) = NU. The Cartier matrix in the bases 6'w and (6'w)? repectively is then given by
A(t) = U AU (),

where the constant matrix Ag is yet to be determined. This formula expresses the funda-
mental observation due to Dwork that zeta functions in families can be computed using
solutions to their Picard—Fuchs differential equations.
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Definition 51. After Dwork, a p-adic Frobenius structure for an ordinary differential
operator

L=0"+a()0" " + ...+ an_1(t)0 + an(t) € Q(t)[0]

is defined as an invertible matriz A(t) € EJ"*™ satisfying the differential equation
OA(t) = N(t)A(t) — ptPA(t)N(tP).

Here E, is the field of p-adic analytic elements, see (25). For simplicity we have given
this definition for the Frobenius lift ¢ = t”, but it is not hard to modify it for general
Frobenius lifts 0. The differential equation here is the same as (28), if we note that
V(t) = U(t?) satisfies the system 0V = NV with N(t) = pt’? N(t?). In [14] Dwork proves
that, if a p-adic Frobenius structure exists for an irreducible operator L, then it is unique
up to multiplication by a non-zero p-adic constant.

We can summarize that our Cartier matrices provide examples of p-adic Frobenius
structures for families of hypersurfaces. Let us now give examples in which the Cartier
matrices are given for almost all but finitely many primes p by a sort of universal expres-
sion, that is p enters the formula for A(¢) as a variable.

Example 52. Consider the simplicial family
1
1—t(a:1+x2+...+:cn+—) =0.
T1...Tp

Denote s,(t) = (n+1)(1 — ((n + 1)t)"™). Over the ring
R=1Z[t,s,(t)""]

. 1

Qp(A°)/dQy = & RO (—> :

(8% /dsy = S RO (o

The respective Picard—Fuchs operator L such that L(1/f(x)) € dQy is given by
(29) L=0"—((n+1Dt)"" 0 +1)...(0 +n).
The proof of this fact can be found in [8, §5].

one has

The Picard-Fuchs differential operator (29) in the simplicial example has maximal
unipotent local monodromy at ¢t = 0. In this case one can define the standard basis of
solutions to L near t = 0. This is a unique basis of the form

Yo(t) = Fo(t) € 1+ tQ[t]
y1(t) = Fo(t)log(t) + Fi(t)

B log?(t)
) wlt) = Folt) %

+ Fi(t)log(t) + Fa(t)

v ZF log" (1)

n—l—])

where F;(t) € Q[t], Fo(0) = 1 and F;(0) = 0 for ¢ > 1. Now we can present Cartier
matrices for simplicial families with respect to the cyclic bases 8°(1/ f(x)) and 6%(1/ f(x))°.
For simplicity we take the Frobenius lift t7 = tP.

Theorem 53 (§5 of [8] and Theorem 1.4 in [9]). For every p > n + 1 the Cartier
matriz for the simplicial family in n dimensions is given by A(t) = U(t) AU (t?) ™1 where
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U(t) = (0'y;)o<ij<n—1 is the Wronskian matriz of standard solutions (30) to the Picard-
Fuchs operator (29) and

1 poy pPas ... P loy
0 p ploa ... P lan
0 0 pnfl
with
r
a; = coefficient of 2’ in p(7) j=1,...,n—1.

Lp(z/(n+ 1))t
Entries of the Cartier matriz A(t) = (N ;(t))o<ij<n—1 Satisfy

Xij(t) € PR,

where R C Z,[[t] is the p-adic completion of Z[t, s,(t)7'], where s,(t) = (n+1)(1—((n+
1)t>n+1)

This theorem provides an evidence to the prediction of Candelas, de la Ossa and van
Straten that p-adic zeta values occur as entries of the Frobenius structure in Calabi—Yau
families at t = 0. More precisely, in [11, §4.4] they conjecture that in general, for Calabi-
Yau families with a point of maximal unipotent monodromy at ¢ = 0 the constants «; are
Q-linear combinations of p-adic zeta values and their products. Moreover, the rational
coeflicients of these linear combinations are universal (independent of p). This is true in
the case of simplicial families because of the following expansion of the logarithm of the
Morita p-adic gamma function at z = 0:

log T',(z) Z>2Cp

Here all even p-adic zeta values are zero: Cp(2m) = (0 for m > 1. With this we find that

Ff(;;)) <p< )z* + O(a?)
% 108<”( J° + 0(x°)
A 1o 2448001cp< ) +0(a")
F:&—%s = 1- 263" - %cp@ s 8414912<p( 1245 1 O(a7)

We also note that a; = ag = 0 for any n.

Example 54. In [8, §6] and [9, Theorem 1.5] we prove a similar theorem for hyper-
octahedral Calabi—Yau family in n dimensions. In this case also oy = as = 0, and in
general’

a; = coefficient of x in e_F;’(O)xI’p(x), j=1,....n—1

In contrast to the simplicial example above, hyperoctahedral Picard—Fuchs differential op-
erators aren’t hypergeometric.

n our paper we have another somewhat more sophisticated expression for a;’s. The simplification
given here was pointed out to us by Don Zagier.
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5.9. Integrality of mirror maps and instanton numbers. Mirror symmetry is a
relationship between Calabi—Yau manifolds. Two such manifolds may be very different
geometrically but are nevertheless equivalent when employed as ‘extra dimensions’ to
describe interaction of particles in string theory. In [10] physicists Candelas, de la Ossa,
Green and Parkes made a sensation: they predicted solutions to very hard problems of
enumerative geometry by doing miraculous computations with solutions of a differential
equation 'on the other side of the mirror’. We will briefly recall their discovery.
Candelas, de la Ossa, Green and Parkes considered the differential operator

o) =0t =50+ 1) (0+3) (0+3) 0+ 1)

where 6 = t%. The differential equation Ly = 0 has a singular point at ¢ = 0 with
maximally unipotent local monodromy. There is a unique (up to multiplication by a
constant) solution which is analytic analytic at ¢t = 0:

o0

5n)!
w(t) =Y Bl 1 1200+ 11340082 4. = Fy(t) € Z[1].

nld

n=0
There is also a unique solution of the form
y1(t) = Fo(t) log(t) + Fi(t) with Fi(t) € tQt].

Here Fi(t) = > 0, (Z?! <Z?i1 ?) tk does not have integral coefficients in contrast to

yo(t), but the authors of [10] observe integrality of the canonical coordinate:
yl(t)) (fl(t))
qt:exp< =texp | =—= | € tZ[t].
(t) () D) ]

This observation was proved by by B.-H.Lian and S.-T.Yau in 1996. 8 We shall also
consider the next solution of the form

log(t)?
() = B2

and express the ratios y;/yo in terms of the canonical coordinate:

Yo n
- = ]-7 - = 1Og(Q)7
Yo

+ F1 log(t) + F2 with Fg € t@[[t]]

Yo
1 975375 1712915000
Y2 _ " log(q)? + 575 + ¢
Yo 2 9
The series )
d
Y(q) = (q—> Y2 14+ 575q + 97537542 + ..
dq/) Yo

is called the Yukawa coupling. Candelas, de la Ossa, Green and Parkes write its Lambert
expansion in the form
d
_ 3 _ 4
Y(g)=1+) Nud T
a>1
and call Ny instanton numbers. They predict that for every d > 1 numbers 5N, coincide

with the numbers of degree d rational curves that lie on a generic threefold of degree 5
in P4

5N; = 2875, 5N, = 609250,
5N3 = 317206375, 5N, = 242467530000,
8If we substitute ¢ — ¢° in L we will obtain the Picard-Fuchs operator of the simplicial family with

n = 4, see Example 52. It the follows from (i) in our Theorem 44 that the canonical coordinate is
p-integral for every p > 5.
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Only the first two numbers were known at that time! The number 2875 of lines on a
general quintic was determined by H. Schubert in 1886. The number 609250 of conics
was determined by S. Katz in 1986. In 1993 G.Ellingsrud and S.Strémme computed
the number of cubic curves on the quintic threefold. Their result served as a crucial
cross-check for the above physicists’ prediction, which was made in 1991.

In 1990s the Gromov—Witten theory was developed to provide a rigorous basis for
counting curves on general manifolds. Subsequently, Givental and Lian—Liu—Yau proved
the mirror theorem which justified the equality of instanton numbers and genus zero
Gromov—Witten invariants. Let us note that, in contrast to the numbers of curves of
given degree on a manifold, instanton numbers can be computed easily. Computations
showed that in the above case (31), known as the quintic case, instanton numbers are
integral, though a priori they are expected to be rational numbers. Similarly, rigorous
count of numbers of rational curves of given degree (Gromov—Witten invariants) yields a
priory rational numbers, as this number is obtained via integration over a moduli space
of such curves. In [8] we prove the following claim.

Theorem 55 ([8], Corollary 1.9). For the quintic differential operator (31) instanton
numbers are p-integral for every p > 5.

Let us remark that Gromov-Witten invariants are a special case of more general BPS-
numbers, whose integrality was proved by Ionel and Parker in [16]. Combination of
their result with the mirror theorem should also yield a proof of integrality of instanton
numbers. The advantage of our proof is that it does not use mirror symmetry at all, it
is a direct proof in terms of the differential equation itself. Namely, we exploit the fact
that operator L has a p-adic Frobenius structure with special properties for almost all
primes p. We will sketch the idea in the rest of this section.

Consider a 4th order differential operator

(32) L= 0%+ a1(t)0° + ag(t)0* + a3(t)0 + ay(t)

with a; € Q(t) for i = 1,...,4. Assume also that a;(0) = 0 for all ¢. This is the condition
under which L has a maximal unipotent monodromy at ¢t = 0. Consider the standard
basis of solutions to the differential equation Ly = 0 near ¢t = 0:

1@3
}:F % X i=0,1,2,3

with Fy € 1+ tQ[t] and F; € tQ[t] for j > 0. Consider the fundamental matrix of
solutions U (t) = (6'y;)o<ij<3- As we explained in §5.8, a p-adic Frobenius structure for
the operator L is a 4 x 4 matrix

yuesi p2a2 P3a3
2 3
p par pTag py—1
O p2 p3a1 U(t )
0 O 0 p3

OO =

(33) A(t) = (Nij(t))o<ij<s = U(t)

with special p-adic numbers oy, ag, a3 such that the matrix entries \;;(¢) are p-adic an-
alytic elements. That is, they can be approximated by p-adically by elements of Q(t).
Existence of such matrix is a strong arithmetic property of the operator L, and if it exists
it is unique. For the questions of integrality in this section we are interested in matrices
A(t) as above with the property that

(34) Nij(t) € P'Z,[t]  forall 0<i,j<3.
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Theorem 56 ([8], Theorems 1.4, 1.6 and 1.7). Suppose for the operator L as in (32)
there exist p-adic numbers oy, s, ag such that entries of matriz (33) have property (34).
Then

(i) the holomorphic solution is p-integral: yo € Zy[t],
(i) the canonical coordinate is p-integral: q = exp(y1/vyo) € Zy[t],
(ili) if in addition L is self-dual and oy = 0, then the instanton numbers of L are
p-integral: ng € Z, for all d > 1

In Theorem 53 and Example 54 we have seen that the Cartier matrices A(t) have
a; = 0 for simplicial and hyperoctahedral families with n = 4. Condition (34) is not
very hard to check in our construction of the Cartier operator, see [8, Prop 4.2]. The
above theorem then implies p-integrality for almost all p of instanton numbers for the
Picard—Fuchs operators

L=0*—(5t)°0+1)(0+2)(0+3)(0+4)

and
L = (1024t* — 80> + 1)0* 4 64(128t* — 5t%)6?

+16(1472t* — 33t%)62 + 32(896t* — 13t%)6 4 128(96t* — )

of the simplicial and hyperoctahedral families respectively. The quintic operator (31)
differs from the first operator above by the change of variables ¢ — t°. One can show
that substitutions ¢ + ¢V preserve p-integrality of canonical coordinates and instanton
numbers for all p{ N, and hence Theorem 55 also follows from the simplicial case.

Problem 57. In [1] Gert Almkvist, Christian van Enckevort, Duco van Straten and
Wadim Zudilin make a search among differential operators L which are of order 4, self-
dual and have a point of maximally unipotent monodromy at t = 0. They look for oper-
ators which have arithmetic properties (i)-(iii) as in Theorem 56 for almost all primes
p. Such operators are called Calabi-Yau differential operators, and more than 400 such
operators we found experimentally up to now. Property (i) usually holds for all known
cases, (1) was proved for some of them, and (iii) is only proved for the simplicial and
hyperoctahedral operators.

Construct p-adic Frobenius structures for other ‘experimental’ Calalbi- Yau operators
and check if they satisfy (34) and have a; = 0.

It seems natural to conjecture that all experimentally found Calabi—Yau operators have
a p-adic Frobenius structure with property (34) and «; = 0 for almost all primes p, from
which their arithmetic properties follow by Theorem 56.
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